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To realize the condition of sin 2 2#i2 3> sin 2 #13, we find constraints on flavor neutrino masses 
ITV M *J W = C1 ) cl 3 M w + s1 3 M TT « 2s 23 c 2 3M A1T + M ee and/or C2) |c 23 M eM - s 23 M CT \ > 

|s23-Me M + C23A/ eT |, where C23 = cos $23 (S23 = sin #23) and #12, #13 and #23 are the mixing angles 
for three flavor neutrinos. The applicability of CI) and C2) is examined in models with one massless 
neutrino and two massive neutrinos suggested by det(M) = 0, where M is a mass matrix constructed 
» I I from Mij = e,fi,r). To make definite predictions on neutrino masses and mixings, especially 

f"S |. on sin $13, that enable us to trace CI) and C2), M is assumed to possess texture zeros or to be 

1 constrained by textures with M^^ = M TT or M ET = ±M e(J which turn out to ensure the emergence 

of the maximal atmospheric neutrino mixing at sin #13 — > 0. ft is found that CI) is used by textures 
C****" , such as M eM =0 or M eT —0 while C2) is used by textures such as M eT — ±M eM . 
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PACS numbers: 12.60.-i, 13.15.+K, 14.60.Pq, 14.60.St 
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! I. INTRODUCTION 

CN 

O ... n 

Since the first experimental confirmation of atmospheric neutrino oscillations by Super-Kamiokande 1], there have 
been various other neutrino oscillations found in solar neutrinos who have given indications for long time 0, accelerator 
neutrinos and reactor neutrinos Oscillations of the terrestrial neutrinos turn out to be identical to those of the 
neutrinos created by the Nature. It is the origin of neutrino oscillations that neutrino have masses Q|, which can be 
created by seesaw mechanism 0,0 or by radiative mechanism 0, ■ These neutrino oscillations are explained by 
the mixings among the known three flavor neutrinos, Ve.^.r, which are finally converted into three massive neutrinos, 
v \,2, 3; and are described by their masses of m.1,2,3 and mixing angles of ^12,23,13- The current experimental data of 
the neutrino oscillations are characterized by the square mass differences for atmospheric neutrinos AmJ (m with the 
mixing angle of # a t m and for the solar neutrinos Am?) with the mixing angle of $q. The CHOOZ collaboration has 
tried to measure another mixing angle $chooz- The result of the observations can be summarized in the following 
values 0: 

5.4 x ltJ- 5 eV 2 < Am| < 9.5 x lO^eV 2 , 0.70 < sin 2 2?? < 0.95, 
1.2 x K)- 3 eV 2 < Am 2 tm < 4.8 x 10" 3 eV 2 , 0.92 < sin 2 2tf atm , 

sin dcHOOZ < 0.23. (1) 
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'otm an d the mixing angles can be identified with Am 2 tm = |m 2 — m||, AmQ = |m| — m 2 |, 
®atm — $23, $© = $12 and $chooz = $13- It should be noted that, from the estimation of effects of matter on solar 
neutrinos, the mass eigenstate of the lar ger electron neutrino components v\ has the smaller mass than that of the 
smaller electron neutrino components V2 10]. Thus, the sign of m 2 , — m\ is positive so that Atoq = m 2 — m\ (> 0). 

One of the remarkable features of the observed neutrino oscillations lies in the fact that sin 2 2^12,23 ^> sin 2 $13 . The 
almost maximal atmospheric neutrino mixing of sin 2 2i?23 ~ 1 may arise as a result of the presence of an approximate 
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/i-T symmetry 0,^2 El m flavor neutrino masses forming a symmetric mass matrix of M in the [i> e , v^, v T ) -basis. 
Namely, the requirement of either M efl =±M eT or M^^=M TT ensures the appearance of the maximal atmospheric 
neutrino mixing at the limit of sini?i3 — > 0, where My (i,j=e, (J,,t) is the flavor neutrino mass for v^Vj as an ij- 
matrix element of M. However, the reason for the large but not maximal mixing of sin 2 2$ 12 is not well understood. 
Some possible answers would be based on the bimaximal mixing scheme |l4j relying upon the L e — L^ — L T conservation 
[l5j and on the tri-bimaximal mixing scheme [l6l ITU Il8| , which, respectively, yield sin 2 2$ 12 = 1 with sin 2 2z9 23 left 
undetermined and sin 2 2$i 2 = 8/9 with sin 2 2i9 2 3 = 1. Before employing such specific schemes, we would like to make 
more general discussions that guide us to understand the possible form of M to explain the fact of sin 2 2z?i 2 sin 2 $13. 
In this paper, we present expressions to determine $i 2 and $13 in terms of My, which are given by 

, 0Q 2 (c 23 M eM - SggMgr) 

tan2^i 2 «^— ——if— _ _ (2) 

c 23 M^ + s i 2Z M TT - 2s 23 c 23 M Mr - M ee 



under the approximation of sin $13 « 0, and 



2 (s 23 M e ^ + c 23 M eT ) 



tan2t? 13 = ^ r — ' - — . (3) 

•4 M w + 4 3 M TT + 2 S23 c 23 Af MT - M ee 

From these expressions, the conditions to have | tan2i9i 2 | ^> | tan2tfi3|, namely, sin 2 2$i 2 3> sin 2 $13, can be translated 
into the conditions among the matrix elements of M. Then, we are able to infer some general underlying properties 
of M. To have | tan2i?i 2 | ^S> | tan2??i3| can be achieved by the constraints of 

• CI) c\ z M w + s\ z M TT - 2s 23 c 23 M Mr - M ee ~ and/or 

• C2) |c 23 M e(U - s 23 M eT | > |s 23 M eM + c 23 M eT |. 

It should be noted that the sign of s 23 is crucial for C2) to satisfy |c 2 3M eM — s 2 3M er | ^> |s 2 3M eM + c 2 3M eT | because 
the cancellation may occur in s 23 M e/J + c 23 M eT to reduce its magnitude if the sign of s 2 3 is reversed. To see if 
the requirements from CI) and C2) are plausible, we use explicit models to calculate tan2i9i3 and compare it with 
tan2$i 2 . 

Since properties of neutrino oscillations have been clarified in detail by continuous efforts of observing neutrino 
oscillations |l9j, the matrix element of M can be completely determined in principle. However, the neutrino mass 
matrix M at least has 6 parameters and all of these parameters cannot be fixed at present. To somehow determine 
the texture of M, we need constraints on M, which reduce the number of the independent parameters in M, so that 
the texture can be determined by the observed data. For example, such constraints are supplied by the condition that 
the texture includes some zeros in matrix elements of M |20t |21| and by the flavor-basis independent conditions on M 
such as det(M) = mim 2 m 3 = and tr(M) = mi + m 2 + m-3 = . The condition of det(M) — is equivalent 
to at least demand the presence of one massless neutrino. It is further recognized that even if one of the neutrino 
mass eigenstates, mi or m^, is exactly zero, we can still explain the observed neutrino oscillation data 22]. This fact 
suggests that the condition of det(M) = is not merely an artificial assumption to reduce the number of independent 
parameters but can be regarded as a physical assumption that requires the presence of one massless neutrino (or one 
extremely light neutrino) in the Nature. In fact, the extremely light neutrino of mi ~ 10~ 10 eV may account [24( for 
the Affleck-Dine scenario [25| for leptogenesis [2q |. 

We would like to examine possible textures consistent with the observed neutrino properties and to predict allowed 
regions of the phenomenologically viable angle of $13 [23,|2H to be compared with sin 2 2$i 2 . To see the applicability of 
CI) and C2) in various textures, we directly compute flavor neutrino masses, where we can trace the source generating 
I tan2^i 2 | ^> I tan 2^13 1 to see how CI) and C2) work. We focus on models, where one massless neutrino with either 
mi = or m3 = is present, and examine textures with one vanishing matrix element and with some relations 
between matrix elements that ensure the appearance of the maximal atmospheric neutrino mixing in the limit of 
sin 6*i3 — > 0. The latter textures are suggested by the fi-r symmetry 0,^2 El- From Eq.©, we will find that the 
suppressed magnitude of sin #13 of O(0. 1) reflects that of M eMj6T and that to obtain more suppressed magnitude of 
sin $i 3 of O(0.01) needs the cancellation due to s 2 3M e/J + c 2 3M er ~ 0. For instance, it will be shown that the texture 
with M eM = (or M er = 0), which cannot have s 2 3M e/i + c 2 3M eT ~ 0, turns out to "naturally" predict the larger 
magnitude of sin $13 ^0.1 in the so-called normal mass hierarchy (NMH) with |mi|(= 0) -C |m 2 | -C |m-3| while, in 
the so-called inverted mass hierarchy (IMH) with |mi| ~ |m 2 | ^> |m 3 |(= 0), the observed data is explained by M eAt 
or M eT itself of 0(0.01) in the same textures, which is "unnaturally" suppressed. 

In the next section, we discuss general theoretical consequences of the form of M constrained from the experimental 
data, which include the useful expression of tan2$i 2i i3. In Sec lIIII we examine each texture to calculate masses 
and mixing angles, especially to clarify how to yield the suppressed sin 2 #13 and to find the possible origin for 
sin 2 2$i 2 3> sin ^13 in various allowed textures. The final section is devoted to summary and discussions. 
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II. GENERAL CONSTRAINTS ON FLAVOR NEUTRINO MASSES 

Before going into discussions of specific models, where one massless neutrino is present, we use general formulas to 
add constraints on the masses and mixing angles in terms of the flavor neutrino masses. Our flavor neutrino mass 
matrix, M, is defined by 1 

' M ee M e ^ M e . 

M = \ Men M w M »r ) • N i 

The flavor neutrinos \^i=e,^,x) and their mass eigenstates 1^=1.2,3) are known to be related by \vg) = Uu\vi) to yield 
t/ T MJ7=diag.(mi, m2, TO3) |^|, where U represents the unitary transformation usually parameterized by 

C12C13 S12C13 Sl3 

U = \ -S12C23 - C12S23S13 C12C23 - S12S23S13 S23C13 ) , (5) 
S12S23 - C12C23S13 -C12S23 - S12C23S13 C23C13 

where = cos$y and sy = sin^y, and we assume no CP violation in the lepton sector. 2 

From the results in the Appendix [S] we can derive the following important properties of M. In the ideal case 
with sin $13=0, Ea. ljA6jl demands that S23M efJ , + C2^M eT =Q, from which the maximal atmospheric mixing with C23 = 
CTS23 = l/v2 for — ±f can be derived by requiring that M eT = —oM eil . Furthermore, Ea. ljA7() with the maximal 
atmospheric mixing reads M TT = M MM + 2S13A (unless M pT — 0), from which the requirement of M TT — M MM yields 



maximal atmospheric mixing can arise if 



either X(= c 2 zM e ^ — s 2 y,M eT ) = leading to Al efl = uM eT or sini9 13 =0. Therefore, we observe that the almost 



M eT sa -aM efi and/or M TT « M^, (6) 

as sini?i3 — > and if 

M eT « aM efl and M TT » M MM , (7) 

irrespective of the magnitude of sin ^13. Because X in Eq.(JZJ), giving mi ps m,2 from Ea. (|A9|) . the condition of 
Eq. (J7J is only possible to be satisfied in IMH with \mi\ ~ \m2\ \m$\. If M TT w tf^ and |M e/ J w |M eT | are 
simultaneously satisfied, these relations imply the presence of the (approximate) /Lt-r permutation symmetry for the 
neutrino masses |0, ^2 H^- This realization of sin 2 2i9 2 3 ~ 1 and sin $13 ~ is in a sense "natural" because it 
arises from the consequence of the symmetry principle. However, it may be a real physics that accidentally yields 
M w ~ M TT for sin 2 2i?23 ~ 1 with a suppressed magnitude of sin $13, which demands the suppression of M e[1 ^ eT itself: 

l*asAf„„ + c 2 23 M TT + 2s 2 3C2 3 M MT - M ee \ > \M efl \, \M eT \, (8) 

in tan2t?i 3 of Ea. (|A6|l . A typical example to be found is a texture with M efl = or M eT = for IMH. 

In NMH, since Am 2 4m 3> Amg, we find that \mi^\ <§C |w 3 |, which becomes |Ai,a| <C | A3 1 because of Ea. lAI0|) 
and m 3 ~ A 3 for sin 2 # 13 -C I. The requirement of |A 2 | -C |A 3 | gives jcfs-M^ + s\ z M TT — 2s 2 3C 2 3M MT | -C Isf^M^ + 
cl 3 M TT + 2s 2 3C23M fiT \, which roughly yields, 

C23 M W + 4 3 M rr ~ 2S23C 23 AV, (9) 

leading to 

Mfj,^ + M TT ~ 2aM^ T , (10) 



It is understood that the charged leptons and neutrinos are rotated, if necessary, to give diagonal charged-current interactions and to 
define i/ e , i/ M and u T . 

2 For M allowing CP-violation, see discussions in Ref . |29| . 

3 For the texture wit h M M M or TT = 0, the maximal atmospheric neutrino mixing cannot be realized as a result of cos 2$23 = 0, which 
does not satisfy Eq. lA71 . Instead, crM e(J + M eT ~ is to be satisfied. It is understood that this texture is excluded for M^^ ~ M T t. 
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for C23 ~ (TS23 ~ l/\/2- It is satisfied by textures of NMH to be discussed in Sec lIIII Since M w ~ M TT from Ea. (|A7|l 
for c\2 ~ cr S23 ~ l/v2 (except for or TT = 0), it implies a more constrained relation of ~ M Tr ~ crM^ T or 
even the ideal situation of 

M w = M TT = (tM^, (11) 

that suggests the presence of democratic interactions among v^ r in neutrino physics. 

Similarly, in IMH, from Am 2 tm 3> Am.Q, we find that \m\\ ~ |m2| ^> lm.3 1 requiring mi ~ ±7712, which becomes 
I Ai ,2 1 3> I A3 1 . The requirement of | Ai,2 1 3> | A3 1 instead gives A3 ~ 

S 23-^MP + <%3 M rr - -2s 2 3C23-ArMr; ( 12 ) 

leading to 

+ M TT ~ -2o-M MT . (13) 

The textures with IMH are to be found to generally exhibit Ea.Q13[l. Again, the situation of 

M w = M TT = -crM^ (14) 

may be realized in "ideal" neutrino physics. Furthermore, Ea. l|A10|) leads to Ai ~ A2 for mi ~ m 2 provided that 
I Ai + A2I 3> \X\ and to Ai ~ — A2 for mi ~ -m2 provided that |Ai + A2 1 <C \X\, In terms of My, these constraints 
can be expressed as 

C23 M MM + 4s M rr ~ 2S 2 3C2 3 M (UT ~ ±M ee , (15) 

for mi ~ ±TO2- For C23 ~ CTS23 ~ l/y/2, it leads to 

A/ MM + M TT - 2aM flT ~ ±2M ee . (16) 

An additional constraint on Ai^ arises in the case of \X\ <C |Ai + A2I (m x ~ m 2 ) suggesting X ~ 0. We will find 
that, in the textures such as those with M eM = and M eT = giving X=C2^M e ^/ and — S23-M eT /ci3, the large 
suppression of X directly requires the large suppression of M efl or M eT itself, which is the similar to Eq. iJHJ . While if 
M epj /M eT ~ tan ^23 can be satisfied, the large suppression is not required to give X ~ such as in the textures with 

M er = ±M eft . 

Once these results are obtained, it is useful to express the flavor neutrino masses as follows: 
M ee = c\ 3 {c\ 2 mi + s\ 2 m 2 ) + s\ 3 m 3 , 

M efl = S23S13C13 [m 3 - (ci 2 mi + s 2 12 m 2 )] - si 2 ci 2 c 23 ci 3 {mi - m 2 ) , 

M eT = C23S13C13 [m 3 ~ (c?2 m l + s 12 m 2)] + Sl2Cl 2 S23Cl3 (™1 ~ m 2 ) , 

M Mft = c 23 (s?2 m i + c?2 m 2) + s| 3 Si3 (ci 2 mi + Si 2 m 2 ) + S2 3 c 2 3 m 3 + 2S12C12S23C23S13 (mi - m 2 ) , 

M pT = S23C23 [S13 (cf 2 mi + sl 2 m 2 ) - (s 2 2 mi + c 2 2 m 2 ) + c\ 3 m 3 ] + si 2 ci 2 (c| 3 - S23) s i3 (mi - m 2 ) , 

M TT = sl 3 (si 2 mi + c 2 2 m 2 ) + c\ 3 s\ 3 (c\ 2 mi + s\ 2 m 2 ) + c\ 3 c\ 3 m 3 - 2si 2 ci 2 s 23 c 23 s 13 (mi - m 2 ) . (17) 

Using C23 ~ <7S 23 ~ l/\/2 and Si 3 ~ as well as \m\\ < |m 2 | <C |m 3 | in NMH and |m 2 | > |mi| » |m 3 | in IMH, we 
can readily understand that why the obtained constraints are so satisfied. 

In addition to these constraints, from Ea. (|A6(l . we notice another constraint derived from the similarity between 
the expressions of tan2i9i 2 and tan2i?i 3 , which are given by Eq.© because of Ai ~ M ee for sin 2 #13 ~ and Eq.©, 
which turn out to be more symmetric expressions: 

tan2dl2 ~ M^ + M TT -2aM, T -2M ee > (18) 
, 9 , 2y/2(<rM eM + M er ) 

tan ^13 ~ M ^ + M ^ + 2(jM ^ , (19) 

under the approximation of c 2 3 ~ cs 23 ~ \j\f2. This similarity is useful to see how sin 2 2$i 2 ^> sin 2 $13 is realized. 
As stated in the Introduction, the relation of sin 2 2$i 2 ^> sin 2 #13 is typically expected to arise from the constraints 
of CI) and C2), where s 23 M e ^ + c 23 M eT ~ is probable for the latter case. In IMH, combined with Ea. (|15fl . these 
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conditions lead to CI) for mi ~ m 2 and C2) with s| 3 M w + c 23 M TT w 2s 23 c 2 3Af A1T — Af ee for mi ~ — m2- If CI) is 
realized, we obtain that A3 ~ Muu + Mtt ~~ M ee and 

, „, „ 2 (g 23 M eM + c 23 M eT ) 

tanzt/13 ~ "~ rr tt ^tt — ■ (20) 

In IMH, since Ai ~ M ee for sin 2 #i 3 — 0, A 3 ~ m 3 and (|m 3 | <)|mi i2 | ~ | Ax,a| from Ea. (|A10() . we obtain |A 3 | <C \M ee \, 
which directly gives 

. oq _ 2(s 23 M e „ + c 23 M eT ) 

tm ^ W ' (21) 

from tan 2^13 of Ea.l|A6|). 

We have sufficient conditions that can be reshuffled to give other useful constraints. In the case of <~ M TT for the 
almost maximal atmospheric neutrino mixing, two conditions of + M TT ~ 2aM llT + 2M ee for sin 2 2i?ia ^> sin #13 
as CI) and M MM + A/ TT - 2ctM mt for |Am 2 tm | > Am 2 , yield 

\M^ + M TT \ > |M ee |, (22) 

in NMH. On the other hand, in JMiJ, those of M w + M rr - 2<rM MT ± 2M ee for mi - ±m 2 and Af w + A/ TT ~ 
-loMpr for |Am 2 t J > Am| yield 

M„„+M TT ~±M eei 2aM F ~TM ee . (23) 

The texture with Af ee = in IMH does not explain |mi| ~ |m 2 |. For mi ~ m 2 , owing to the constraint of 
M w + M Tr ~ M ee , Eas. il2U|) and (|21|l applied to IMH become consistent with each other. These results are 
summarized in TABLE [I] 

To see how sin 2 2d 12 ~3> sin 2 $13 is numerically obtained, we use the "theoretical" data to be collected in the next 
section, where we assume the interesting possibility that the Nature enjoys the presence of one massless neutrino. For 
the rest of discussions, we employ models with texture zeros and with Af AlAl =Af TT and M eT — ±M e)J and find allowed 
regions for sin $13 in each texture. 



III. SPECIFIC TEXTURES 



Now, the determinant zero condition is used to ensure the presence of one massless neutrino, which allows the only 



two cases to be compatible with the observation: (mi, m 2 , m.3)=(0, ±w Am|,, ±w Am 2 tm + Anig) leading to |ma| 3> 



|m 2 | and (mi,m 2 ,m 3 ) = Am 2 tm , ±y Am 2 tm + Awig, 0) leading to |rai| ~ |m 2 |. The case with (0,m 2 ,m3) 
corresponds NMH while the case with (mi,m 2 ,0) corresponds to IMH. In NMH, we find that 

tan 2 tf 12 = ^i, (24) 
A 2 

to realize mi = in Eq. l|A10|) . 

By requiring in Ea. l|17|) that one of the matrix elements vanishes or that the relations of = M TT and M eT = 
±M efi are satisfied, we obtain the following constraints for the ratio of m3/m 2 in NMH with mi = 0: 

M n ™3 gl2 c 13 »r n m 3 Sl2Cl 2 C 23 - sj 2 S23.Sl3 

M ee = U — > = s — , M efl = — ► = , 

m 2 sf 3 m 2 S23S13 

„ m 3 s 12 c 12 s 2 3 + s 2 2 c 23 si 3 m 3 c 2 2 c| 3 + s 2 2 s| 3 s 2 3 - 2si 2 ci 2 s 23 c 23 si3 
iVl eT — U — > — , JU W — u — > — — ^ — ^ , 



m 2 C 23 Si 3 m 2 s 23 c 13 



M„ T = 

M rr = 

Af MM = M TT 



Dl3 



'12 - s 12 s 13) S 23C23 + S12C12 (c| 3 - s| 3 ) S13 



'' T "»2 S23C23C 2 3 

"1 3 _ ^12^23 + S 12 C 23 S 13 + 2si 2 Cl 2 523C23Sl3 

m 2 c 2 3 c 2 3 

m3 _ (c 2 2 - g 2 2 S 2 3 )(c^ 3 - S?, 3 ) - 4si 2 Ci 2 S 2 3C23Sl3 

m 2 (c§ 3 - si 3 )c 2 3 



, , r m 3 s\ 2 (c 23 - 77S23) S13 + S12C12 (??C 2 3 + S 23 ) 

j]M ell -> — = , , (25) 

m 2 (C 23 - ??S23)Sl3 
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where 77 = ±1. We can also obtain the following constraints for the ratio of m^jmi in IMH with 7713 = 0: 

S12C12C23 + Ci 2 S 2 3Sl3 
S12C12C23 - S?2 S 23S13 ' 

s 12 c 23 + c 12 s 23 5 13 + 2si2Cl 2 S23C23gl3 
C 12 C 23 + S 12 S 23 S 13 ~ " 2s 12Cl2S 2 3C 23 S 13 ' 

13 



•13 

5 

13 

(26) 

Using the experimental data of Am 2 tm , we find the upper and lower limits of m\jm\ for NMH and of m\jm\ 
for IMH as shown in Tabled These ratios are calculated from Eas. (|25|) and 1|26|) with the observed mixing angles 
in Eq.Q. As already pointed out in the Introduction, the sign of S23 is considered to obtain S13 because S13 is 
proportional to Y = s 2 3M e ^ + c 2 3M eT as in Ea. (|A5|) . 4 where Y can reduce its magnitude depending upon the sign of 
S23. From Am 2 tm and AmL the allowed region of m\jm\ with NMH and of ra^/m\ with IMH are computed to 
be 13.6 < ml/ml < 89.9 and 1.01 < m\lm\ < 1.08, respectively. 
We find the allowed textures with 

• in the case of NMH, 

— M ee = 0, M efi = and M eT = as well as M^ = M TT and M eT = -M e)1 for sin #23 > 

— M ee — 0, M e ^ — and M eT = as well as M w = M TT and M er = M ell for sin 6*23 < 

• in the case of IMH, 

— M e/J = and M^ = as well as M w = M TT and M eT = —M ejl for sin 6*23 > 0, 

— M eT = and M TT = as well as M er = ±M e/J for sin 6*23 < 0, 

from Table [D] Other textures with one vanishing matrix clement are excluded by the observed constraints on the 
masses and the mixing angles. In NMH, the allowed textures have the property that m3/m 2 gets increased either as 
c 23 ~^ s 23 ( sm2 26*23 - * 1) for M w = M TT or as S13 — > for other textures to meet the experimentally allowed value 
of mg/m 2 ,. It is thus expected that sin 2 2023 ~ 1-0 in the texture with M MM = M TT . The texture with two zeros such 
as M ell =M eT =0 is excluded simply because tan 2 $23 = — 1 is satisfied. Similarly for other excluded textures. 

Shown in TABLE |IIII is the summary of our predictions on the values of sin $23, which are dep icted in FIGQJ 
FIG I13I The effective neutrino mass mpp used in the detection of the absolute neutrino mass |30( is computed in 
each texture and the lower and upper bounds on mpp (=M ee ) in the present discussions are tabulated in TABLE II VI 
Also computed in TABLE [V] and TABLE IVII is each element of M for the typical values of mixing angles such as 
sin 2 2i?i2 = 0.80 and sin 2 2$i2 = 0.98 to see how sin 2 6*13 <C 1 as well as some hierarchies among Ai,2,3 are realized. 
The following characteristic features of the textures are found from these tables and figures: 

1. The announced relations of M w + M TT ~ 2aM tlT and |M W + M TT \ > \M ee \ in NMH and of M^ + M TT ~ 
—2aMfj, T and M^ + M TT ~ ±M ee in IMH with mi ~ ±11*2 are satisfied. 

2. There are additional hierarchies of \M eM \, \M eT \ < |M W + M TT \ in NMH and of \M ee \ > \crM efJi + M eT \ in 
IMH. Furthermore, \M efl — aM eT \ ^> \aM ell + M eT \ expected in C2) is satisfied in the /Mii-textures with 

= (a = 1), M TT = (cr = -1), M^ = M TT (a = 1) and M er = M efl (a = -1), all exhibiting m 1 ~ -m 2 . 



4 We assume that < and do not include the case with > because the texture with interchange of S23 <-» C23 accompanied 
by the appropriate change of the sign of S13 becomes identical to one of the existing textures. 



m 2 ctr, m 2 
M ee = -> — = -- i 2 -, M eil = -> — = 

mi s\ 2 ' m i 

M eT = 0^^= Sl2Cl2S23 - j 2C23Sl3 , M w = 0^^ = 
mi S12C12S23 + sf 2 C23Si3 mi 

M - n m 2 _ ( S 12 - c 12gl3) S 23C23 ~ Sl 2 C 12 (cjg ~ S 2 ^) S 

mi (Cf 2 - Sf 2 s 13) S 23C23 + S12C12 (C^ 3 - S% 3 ) S; 

M = ^ — - S 12 S 23 + C 12 C 23 S 13 ~ 2si 2 Cl 2 523C23Sl3 



TO 1 C 12 S 23 + S 12 C 23 S 13 + 2s 12Cl2 S23C23S13 ' 



M„.„ = M. 



( s 12 " C 12 S 13) ( C 23 ~ S 23) + 4 Sl2Cl 2 523C23^ 

W ^ mi (c 2 2 - sj 2 sj 3 ) (c 2 3 - S 2 3 ) - 4S12C12S23C23S 

M _ M m 2 _ (?i 2 (c 23 - VS23) S13 - S12C12 (7/C23 + S23) 

^1 s{ 2 (c 23 - 77S23) S13 + S12C12 (?7C 23 + S23) 
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3. The suppressed tan2i?i3 is realized by the dominated magnitude of A3 (~ M^n + M TT + 2aM^ lT ) for NMH 
and of M ee for IMH (because of A3 ~ in Ea. l21|) '). The more suppressed values of sin $13 < 0.05 are obtained 
due to S23M e ^ + C2?,M eT ~ 0, which is possible to occur in the textures with M^ = M TT (only for IMH) and 
M eT = ±M eil . 

4. In NMH, sin 2 2-#23 = 0.998 is selected as a typical value in the texture with M a ^ = M TT , which requires that 
c 23 ~* s 23 i n the denominator of mil 'mi in Eo. 1)26(1 since, in this limit, 1712/1711 approaches to 1 by passing the 
experimentally allowed 7712/7121, 

5. In IMH, the small magnitude of siniii3 calls for the suppressed and almost vanishing M efJ _ (M eT ) for the texture 
with Mer = (M eu = 0). 

6. In IMH, the relatively small magnitude of M ee can enhance sin^i3(^0.15) as in Ea. 1(21(1 in the textures with 
Man = 0, M TT = and M eu = M eT . The texture with M ufJi = M TT that also shows the relatively small 
magnitude of M ee receives the cancellation in S2tM ea + c2sM eT {= 0.002) to yield sin $13 = 0.037. 

7. In IMH, the source of mi 2 comes either from Xi ~ A 2 giving m 2 ~ m\ for the textures with M eu eT = and 
M eT = ±M eu or from X/ sin 2$i2 with Ai + A2 ~ giving 7712 ~ —mi for others. Two sources coexist in the 
texture with Man = M TT , where the lower bound on m 2 /mi arises from the two sources as in FIG I11I 

8. In IMH, the upper bounds on m\/m\ in FIGEUand FIGll3lfor sint? 2 3 > and in FIGfTSl for sini? 23 < 
are very steep because, in Ea. ((26(l . cither C23 — s 2 3 i n — M TT or 77023 + S23 in M eT — uM efl can compete 
with S13 so that the cancellation occurs in the denominators around C23 ~ S23 = M TT ) and 77023 ~ — S23 
(M eT = aM ei i) to give the rapid rise of m\/m\. 

9. The effective neutrino mass of mpp is at most 0.008 eV for NMH and at most 0.07 eV for IM H. 

Some of these features are based on the specific values of mixing angles listed in the tables. However, some of the 
constraints are generally satisfied by Ea. ((17(l that do not depend on the details of models and it has been checked 
that these features are shared by other allowed set of values of mixing angles. 

Let us finally comment on how to realize sin 2 2^12 3> sin 2 $13. In NMH, we have obtained the approximate 
relations of 

M m + M TT ~ 2<rM MT , (27) 
|M W + M TT | > \M ee \, (28) 
\M UU + M TT \ » \aM eu + M eT \. (29) 

Since Eq. ijTSj) leads to 

tan 20 12 ~ ^M e ^aM eT ) 

M filM + M TT -2aM IMT ' v ' 

from Ea. 1(28(1 and | tan2i?i2| ^> 1 arises because of Ea. l(27(l : therefore, the constraint of CI) works. We also find from 
Ea.pg|l that Eq.|20I) leads to 

V2{aM eil + M eT ) 

tan2tfi3 ~ - , (31) 

which gives | taai?i3| <C 1 because of Ea. ((29(l . In IMH, we have obtained the approximate relations of 

M UU + M TT ~ -2oM^ T , (32) 

\aM eli +M eT \ < \M„\, (33) 

as well as 

M w + M TT ~ M ee , (34) 

for mi ~ TO2, and 

M w + M TT ~ -M ee ~ -2aM MT , (35) 

\M eu - aM eT \ > \aM eu + M eT \, (36) 
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for mi ~ —mi. For m\ ~ m,%, 

V2(M e ^-aM eT ) 

tan2i?i2~— — —— — , (37) 

M w + M TT - M ee 

from Eg. l|32|) . leading to | tan2i9 12 | 3> 1 because of Eq. l|34|l . The constraint of CI) works for mi ~ m 2 . From Eq.l|2ip. 

tan2t?i 3 -f , (38) 

is obtained and | tan2#i3| <C 1 arises because of Eq.(j2HJ) in both mi ~ m 2 and mi ~ —mi. On the other hand, for 
77ii ~ —mi, we obtain that 

V2(M etl -aM eT ) 

tan2 ^ 12 2Ml e ' (39) 

from Eq. (|35|) . By comparing it with Eq. I|38|) , we observe that | tan 2t?i 2 1 ^> | tan 2??i3 1 is due to Eq. (|36|l . The constraint 
of C2) works for mi ~ — vn%. Therefore, the constraints of CI) and C2), repectively, work for NMH and IMH with 
mi ~ m 2 and for IMH with mi ~ — m 2 to yield sin 2 2$i 2 3> sin 2 $ 13 , which also calls for the additional hierarchy of 
either \M^ + M TT \ > \s 12 M e ^ + c 12 M eT \ (NMH), or \M ee \ > \c 23 M e ^ + s 23 M eT \ (IMH) to suppress the magnitude 
of sin 2 $13 itself. Of course, the cancellation of c 23 M efl + s 23 M eT ~ can be one of the sources of this hierarchy. 

IV. SUMMARY AND DISCUSSIONS 

We have suggested that the almost maximal atmospheric neutrino mixing occurs if 

M eT m -aM efl and/or M TT ps M^, (40) 

as sini?i3 — > and if 

M eT ps crAf eAI and Af rT ps M w , (41) 

irrespective of the magnitude of sin $13. The useful formulas are derived to calculate the mixing angles of #12,13 in 
terms of the flavor neutrino masses, My for i,j — e, ji, r: 



2 (fggMejX + c 23 M eT ) 
4s M ^ + 4 3 M TT + 2s 23 c 23 M A1T - M ee ' 



tan2wi 3 = — o — — n — — — — — — 7-7-, 42) 



and 

tan 2t?i 2 ps -j-^ ,"7^7^ n"°?Tf ~ > ( 43 ) 



2 (sggMer - C2 3 AJ eM ) 
-23-^W + s 23-^tt - 2s 2 3C 23 M MT - M ee ' 



as far as sin 2 t?i 3 ps 0. We have suggested the mechanism to obtain the suppressed sin $13 based on 

• the hierarchy of |M ee)WiijUT an d/or tt| > |fM eM + M eT | , 

• the cancellation of s 23 M efl + c2 3 Af eT ~ (for more suppressed sini?i 3 ), 
and also to yield sin 2 2t?i 2 3> sin 2 $13 based on 



• the approximate equality of c^M^a + s 23 M TT ps 2s 23 c 2 3-M AtT + M ee , 

• the hierarchy of \c 23 M efl - s 23 M eT \ > \s 23 M efi + c 23 M eT \. 

Considering various general constraints on flavor neutrino masses shown in TABLE^J we reach the plausible textures 
at the "zero"-th order: 

ei £2 £3 \ / ±2d b —ab 

m nmh = J ea d ad \ M imh = 6 d -ad I (for mi ~ ±m 2 ), (44) 
e 3 ad d I \ —ab —ad d 
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where |ei,2,3| "C \d\ in M NMH and a = ±1 for sin #23 = cr/^/2. It should be noted that the pattern in M NMH may 
reflect a symmetry based on the approximate conservation of the electron number, L e . Namely, e\ has L e — 2, 62,3 
have L e = 1 and d has i e = |3lL l32 | . In the case that the conservation of L e is perturbatively violated by an 
interaction of L e = ±1 characterized by an appropriate parameter of £ with |£| <C 1 |32j , it is not absurd to expect 
t\ oc £ 2 , £2,3 c>c £ and d cx £°, which explain the required order in M NMH . 

In specific models with one massless neutrino, the above-mentioned mechanisms have been confirmed to yield the 
consistent magnitudes of sin $13 and sin 2 2$i2 in various textures. The allowed textures are found to exhibit the 
following patterns of the flavor neutrino masses: 

• For NMH , either M ee , M eji or M eT can vanish and 

I M w + M TT I > I M ee I , I oM eil + M eT I , + M TT ~ 2aM flT , (45) 

are satisfied, and 

• For IMH, either M e/J , M eT , M MM and M TT can vanish and 

\M ee \ ~ \M^ + M TT \ > \aM ell + M eT \, M w + M TT ~ -2trM MT , (46) 

are satisfied, 

where a reflects the sign of sin $23- As a result, the constraint of CI) works in the textures for NMH and IMH with 
mi ~ to 2 while the constraint of C2) works in the textures for IMH with mi ~ — m.2- It can be generally expected 
that these relations are satisfied in any other models. 

The effective neutrino mass of is found to be bounded as \mpp\ 5; 0.008 eV for NMH and \m0p\ 0.07 eV for 
IMH. This predicted maximal value of nipp is outside of 0.22 &J&\mpp\&l.Q eV [3(J obtained from the Heidelberg- 
Moscow experiment |33|. Therefore, none of the textures examined in this article is compatible with this observation 
if it is confirmed by other experiments. Which are appropriate textures if future experiments [28j point to, say, sin #13 
=0.01, 0.1 or 0.2? The results are shown in TABLE EH which can be readily read off from the figures. At first 
glance, the textures suggested by the /x-r symmetry have any values of sin $13. It is because the fi-T symmetry may 
represent an underlying symmetry of neutrino oscillations if it exists at all. On the other hand, the textures with one 
vanishing matrix element need to be strongly constrained to explain the observed data. The larger values of sin $13 
are favored unless the appropriate nonvanishing elements are extremely suppressed. 



APPENDIX A: NEUTRINO MASSES AND MIXING ANGLES 

After a simple diagonalization of M by U, one can find the following conditions: 

C12A1 - S12C13 (si 3 X + A 2 ) = 0, S12A1 + C12C13 (si 3 X + A 2 ) = 0, (Al) 
S12 [ci 2 Ai - S12 (c\ 3 X - S13A2)] + C12 [ci2 (c\ 3 X - S13A2) - S12A2] = (A2) 



with 



where 



Ai = C13S13 (M ee - A 3 ) + (c 2 3 - s 2 13 ) (s 23 M eA1 + c 23 M er ) , 

A 2 = (c 2 3 - s 2 3 ) M„ T + s 23 c 23 (M MM - M TT ) , (A3) 

Ai = c 2 3 M ee + s 2 3 A 3 - 2si 3 ci 3 F, A 2 = c^M^ + s\ 3 M TT - 2s 23 c 23 M llTl 
A 3 = s| 3 Af MM + c 2 3 M rr + 2»23C3sM Mr , (A4) 
c 23 M ell - s 23 M eT 

X = , Y = s 23 M e ^ + c 23 M eT . (A5) 

Cl3 



The mixing angles of #12 and $13 are then expressed as: 



2X 2Y 
tan2tf 12 = - — , tan2i? 13 = - — , (A6) 

\ 2 — Al A3 — Mee 



together with 

C0S2??23^V + S 13^ 



M TT = M WI + 2 t2—^L (A7) 

sin 2i) 23 



The neutrino masses of mi. 2, 3 are given by 5 



and m\ t 2 can be converted into 
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mi = c 12 Ai + s 12 A 2 - 2.S12C12X, m 2 — s 12 Xi + c 12 X 2 + 2S12C12X, 

m 3 = sf 3 M ee + cf 3 X 3 + 2si 3 ci 3 F, (A8) 



Ai + A2 X Ai + A2 X 

mi = , mi = , A9 

2 sin2i?i2 2 sin2i?i 2 V ' 

by using Ea. ljA6|) . These expressions are further simplified into 

cf 2 Ai - sfgAg cf 2 A 2 - sj 2 Ai 

L 12 6 12 L 12 *12 

These relations of masses and mixings enable us to discuss constraints on flavor neutrino masses. 
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TABLE I: General constraints on flavor neutrino masses of Mij for i,j — e,n,T that provide sin 2 2i9 atm ~ 1, sin 2 $13 <C 1, 
sin 2 2i? Q > sin 2 tfi 3 , and Am 2 tm > Am%, where cos $23 ~ asini9 2 3 ~ 1/V5 (a = ±1). In Am 2 tm > Am|, |M W + M TT \ > 
|M ee | is satisfied if M M(J + M TT ~ 2oM liT + 2M ee is chosen for sin 2i9 Q > sin 2 !?i 3 . 



assumption 


sin 2 2# atm ~ 1 


sin 2 i?i 3 < 1 


sin 2 2$© > sin 2 #13 


Am 2 tm > ArjT.0 


NMH 




and/or 


M MM + M TT ~ 2<xM MT + 2M ee 
and/or 

|M efJ - aM eT | > |o-M eM + M MT | 


M w + M TT ~ 2aM MT 
(*)|M MM +Mrr| > |M ee | 


IMH 


mi ~ n%2 


M er ~ CrM efl 


M MM ~ M TT 


I ee , fi fj, . /.it and /or tt j 

> \oM eil + M MT | 


M w + M TT ~ 2aM f _ lT + 2M ee 


M w + M TT ~ -2crM MT 
M w + M TT ~ 2aM MT ± 2M ee 

(*)± for mi ~ ±7Tl2 


mi ~ — Ti2 


and 


|M e ^ - aM eT \ » |aM eM + M MT | 



TABLE II: The upper and lower limits of m 2 /m| with the normal mass hierarchy (NMH) and of m 2 /mf with inverted mass 
hierarch (IMH) in models based on det(M) = with specific textures, where the mass ratios are calculated from Eqs. l25t and 
II26H with the observed mixing angles in Eq.Q. The values in the parentheses are those for sin 623 < 0. 



assumption 


mij mi (NMI) 


2 / 2 
m 2 /m 1 


(IMH) 


bound 


lower 


upper 


lower 


upper 


M ee 


= 


16.5(16.5) 


oo(co) 


2.49(2.49) 


11.6(11.6) 


M eM 


= 


2.55(4.21) 


00(00) 


1.00(0.26) 


2.64(1.00) 


M eT 


= 


2.53(1.29) 


00(00) 


0.14(1.00) 


1.00(3.54) 


M w 


= 


0.19(0.82) 


1.91(3.03) 


0.09(0.09) 


2.48(0.40) 


M„ T 


= 


0.38(0.38) 


0.74(0.65) 


0.09(0.06) 


0.40(0.64) 


M TT 


= 


0.12(0.04) 


1.06(0.59) 


0.09(0.09) 


0.04(4.56) 


M w = 


M TT 


~ 0(0.36) 


1.39 x 10 4 (1.42 x 10 4 ) 


0.09(~ 0) 


~ oo(0.37) 


M eT = 


M e „ 


166(0.42) 


00(00) 


0.85(~ 0) 


1.00(11.4) 


Mer = 


—Men 


~ 0(154) 


00(00) 


1.00(1.00) 


~ oo(1.17) 



TABLE III: The predictions of sin $13 depending on the sign of sin $23 given by ± for NMH and IMH, where the excluded 
cases are denoted by the dots. The absence of the allowed M ee for IMH is due to Eg .1251 



assumption 


NMI 


IMH 


sin $23 




+ 




M ee = 
M e „ = 
M eT = 
M^ = 
M„ T = 

M TT = 


0.15 

0.043 ~ 0.159 
0.034 ~ 0.147 


3 ~ 

0.045 ~ 0.197 
0.032 ~ 0.119 


0.001 ~ 0.023 
0.115 ~ 


0.001 ~ 0.017 
0.086 ~ 


M MM = Mrr 
Mer = M eA1 
M eT = ~M eM 


0.006 ~ 
0.007 ~ 0.017 


0.009 ~ 
0.008 ~ 0.021 


0.0002 ~ 
~ 0.003 


0.001 ~ 
0.009 ~ 
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TABLE IV: The same as in TABLE [TO] but for \mpa\ in the unit of eV. 



assumption 


AM/ 


IMH 


sin $23 


+ 




+ 




M ee = 

M e , = 
M eT = 
M„ = 
M, T = 

Mrr = 




0.001 ~ 0.004 
0.002 ~ 0.004 




0.002 ~ 0.005 
0.001 ~ 0.004 




0.03 ~ 0.07 
0.008 ~ 0.03 




0.03 ~ 0.07 
0.007 ~ 0.04 


M„ = M rr 
M eT = M e , 
M eT = -M e , 


0.00001 ~ 0.004 
0.002 ~ 0.004 


0.002 ~ 0.008 
0.002 ~ 0.004 


0.007 ~ 0.07 
0.03 ~ 0.07 


0.007 ~ 0.04 
0.03 ~ 0.07 



TABLE V: The list of calculated values of the flavor neutrino masses in the unit of mi in the allowed textures for NMH with 
the specific mixing angles of sin2$i2 = 0.80, sin2$23 = 0.98 (or sin 2$23 = 0.998) and the typical values of sin $13, where a 
(=±1) stands for the sign of sin $23- 



condition [ 


sin^ i9i2 


sin^ i?23 


sin $13 


a 


M ee 


Me, 


Mer 


M„ + Mrr 


2oM, T 


M ee = 


0.80 


0.98 


0.20 


+ 





-0.56 


— 1.31 


-5.63 


-7.04 







1.21 


— 0.74 


-5.63 


-6.98 


M e , = 


0.80 


0.98 


0.10 


+ 


0.225 





-0.68 


-4.11 


-5.51 




0.328 





0.68 


6.11 


4.62 


M eT = 


0.80 


0.98 


0.09 


+ 


0.31 


0.59 





5.28 


3.78 




0.24 


0.59 





-3.28 


-4.66 


M„ = M TT 


0.80 


0.998 


0.22 


+ 


0.076 


-0.30 


-0.95 


-2.95 


-4.40 




0.52 


-0.44 


-1.09 


5.84 


4.40 


M eT = M e , 


0.80 


0.98 


0.05 


+ 














0.28 


0.32 


0.32 


7.36 


5.85 


M eT = -M eM 


0.80 


0.98 


0.05 


+ 


0.28 


0.32 


-0.32 


-5.36 


-6.74 















TABLE VI: The same as in TABLE[V]but in the unit of mi for the allowed textures for IMH, where Ai,2 are included to see 
mi ~ ±7712 for Ai ~ ±A2 and sin 2 2#i2 = 0.90 is chosen in the texture with M„ = instead of sin 2 2#i2 = 0.80. 



condition 


sin 2 $12 


sin 2 $23 


sin $13 


a 


Ai 


A 2 


Mee 


Me, 


Mer 


A/„ + Mrr 


2crM,r 


M e/J = 


0.80 


0.98 


0.100 


+ 


1.01 


1.01 


1.01 





-0.01 


1.01 


-1.00 


M eT = 


0.80 


0.98 


0.100 




1.01 


1.02 


1.01 


0.02 





1.02 


-1.01 


M„ = 


0.90 


0.98 


0.190 


+ 


0.31 


-0.32 


0.30 


-0.75 


0.57 


-0.31 


0.38 


M TT = 


0.80 


0.98 


0.210 




0.44 


-0.46 


0.42 


-0.61 


-0.65 


-0.45 


0.43 


M„ = Mrr 


0.80 


0.98 


0.037 


+ 


0.44 


-0.47 


0.44 


-0.70 


0.58 


-0.47 


0.48 


M eT = Me, 


0.80 


0.98 


0.145 




0.44 


-0.46 


0.43 


-0.63 


-0.63 


-0.45 


0.43 


M eT = -M e , 


0.80 


0.98 


0.001 


+ 


1.01 


1.02 


1.01 


0.01 


-0.01 


1.02 


-1.01 


0.80 


0.98 


0.100 




1.00 


1.01 


0.99 


0.07 


-0.07 


1.02 


-0.99 
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TABLE VII: The allowed textures denoted by O for NMH and IMH that give sini9i 3 = 0.01,0.1,0.2, where ± stand for 
sin $23 = ±1 and the values of A = sin 2 2$ atm and S = sin 2 2#q are shown if these angles are more constrained than those 
listed in Eq.Q. 



sin #i3 


0.01 


0.1 


0.2 


assumption 


NMI 


IMH 


NMI 


IMH 


NMI 


IMH 


type 


+ 




+ 




+ 




+ 




+ 




+ 




M ee = 


X 


X 


X 


X 


X 




X 


X 


X 


o 


o 


X 


X 


M eM = 


X 


X 


o 


X 


o 




o 


X 


X 


X 


X 


X 


X 


M eT = 


X 


X 


X 


o 


o 




o 

0.97 < A 


X 


X 


X 


X 


X 


X 


M w = 


X 


X 


X 


X 


X 




X 


X 


X 


X 


X 


o 

0.86 < S 
< 0.92 


X 


M MT = 


X 


X 


X 


X 


X 




X 


X 


X 


X 


X 


X 


X 


M TT = 


X 


X 


X 


X 


X 




X 


X 


o 

A < 0.98 


X 


X 


X 


o 

0.93 < A 
0.75 < S 
< 0.86 


M MM = M TT 


o 

A~ 1 


o 

A ~ 1 


o 


X 


o 


1 


o 

A~ 1 


o 


X 


o 

A~ 1 


o 

A ~ 1 


o 


X 


M eT = M eM 


X 


O 

A < 0.98 


X 


o 

0.72 < S 
< 0.92 


X 




X 


X 


o 

0.97 < A 


X 


X 


X 


o 

0.94 < A 
< 0.99 


M eT = -M eM 


o 

A < 0.97 


X 


X 


X 


X 




X 


X 


o 


X 


X 


X 


O 

0.97 < A 




0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 

sin 6. , 



FIG. 1: The prediction of ml/ ml for NMH: The area between the black curve (upper bound) and the gray curve (lower 
bound) is our prediction on m\jm\ in the texture with M ee = 0, which does not depend on the sign of sini?2 3 . The area 
between two straight lines is the experimentally allowed region, which in turn determines the allowed values of sin $13 . 
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FIG. 2: The same as in FIG^but for Al efl = 0. The solid (dashed) curves correspond to sin #23 > (sin #23 < 0). The areas 
between the black curves (upper bounds) and the gray curves (lower bounds) are our predictions. 




FIG. 3: The same as in FIGEJbut for M eT = 0. 



16 



Normal M m =M„ 




sin<9 21 <0 *S 


sinfi, 3 >0 (upper bound) 








experimentally allowed region 




1 1 




sin^, <0 



0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 



sin & a 

FIG. 4: The same as in FIG[5]but for M MM = M TT . The lower bound in the case of sin #23 > is outside the graph. 



100000 




0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 



sin # L1 



FIG. 5: The same as in FIG H but for M eT = M eM . The allowed region is above the grey solid curve or below the black dashed 
curve. 
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100000 




0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 



FIG. 6: The same as in FIG [5] but for M eT = — M eM . The allowed region is above the grey dashed curve or below the black 
solid curve. 
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0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 

sin l3 



FIG. 7: The ml/wi? for IMH: The areas between the black curves (upper bounds) and the gray curves (lower bounds) are 
our predictions on m\/m\ in the texture with M efl = 0. The solid (dashed) curves correspond to sin #23 > (sin #23 < 0). 




FIG. 9: The same as in FIG|7|but for M w = 0. The allowed region is below the black solid curve. 
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Inverted M = 

1.4 ^ 

< sin# 23 <0 

1.3 ' 

1.2 ' 

1.1 .' 
r 2 / experimentally allowed region 



0.9 ' 

0.8 / ' 

0.7 

0.6 < r 

shift, < 

0.5 I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 



FIG. 10: The same as in FIG[7| but for M TT = 0. The allowed region is below the black dashed curve and above the grey 
dashed curve. 



Inverted M „,, =M TT 

flfl TV 



sin# 23 > (lower bound:m 2 ~ n\ ) 



^ experimentally allowed region 



sin 6,, > 
^ 



, ' sin# 2 , < 



sin ft, >0 (lower bound \:m~ 



0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 

sin 6. , 



FIG. 11: The same as in FIG|7|but for M MM = M TT . Two grey solid curves represent two lower bounds for the cases with 
m2 ~ mi and 7712 ~ —mi. The allowed region is either above one of the grey solid curves that gives the smaller value or below 
the black dashed curve. For sin 623 > 0, the upper bound is very steep so that it almost runs on the vertical axis. 



20 



sin# 21 <0 (upper bound) 



Inverted M„=M 



efl 



experimentally allowed region 




sin# 21 >0 (lower bound) 



0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 

sin 0„ 



FIG. 12: The same as in FIG[7|but for M eT = M etl . The allowed regions are below the black dashed curve and the area between 
the black solid line at m^/ml — 1 and the gray solid curve. The lower bound in the case of sin $23 < is outside the graph. 



-sin#„ >0 



sin<9 23 >0 



Inverted M„ , = -M 



efl 



sin# 2 , <0 



experimentally allowed region 



sin# 2 , <0 



0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 

sinfl. 



FIG. 13: The same as in FIG[7|but for M eT = — M e(J . The allowed regions are the area between the black vertical line and the 
grey curve and the area between the black dashed curve and the gray dashed curve at m\/m\ = 1. For sin #23 > 0, the upper 
bound in the case of sin $23 > is very steep so that it almost runs on the vertical axis. 



